In the probe limit, we numerically study the holographic p-wave superconductor phase transitions in the higher curvature theory. Concretely, we study the influences of Gauss-Bonnet parameter α on the Maxwell complex vector model (MCV) in the five-dimensional Gauss-Bonnet-AdS black hole and soliton backgrounds, respectively. In the two backgrounds, the improving Gauss-Bonnet parameter α and dimension of the vector operator inhibit the vector condensate. In the black hole, the condensate quickly saturates a stable value at lower temperature. Moreover, both the stable value of condensate and the ratio ω g /T c increase with α. In the soliton, the location of the second pole of the imaginary part increases with α, which implies that the energy of the quasiparticle excitation increases with the improving higher curvature correction. In addition, the influences of the Gauss-Bonnet correction on the MCV model are similar to the ones on the SU(2) p-wave model, which confirms that the MCV model is a generalization of the SU(2) Yang-Mills model even without the applied magnetic field to some extent.
Introduction
The gauge/gravity duality [1, 2] shows that a (d + 1)-dimensional weak gravity system corresponds to a d-dimensional strongly coupled conformal field theory on its boundary, which thus provides us a feasible and efficient approach for studying the system involving the strong interaction, especially the high temperature superconductors.
In Ref. [3] , the first holographic s-wave superconductor model was numerically realized in the four-dimensional Schwarzschild anti-de Sitter (AdS) black hole coupled to the Maxwell complex scalar field. The results showed that below a critical temperature, the scalar "hair" appears outside the horizon, which spontaneously breaks the U(1) gauge symmetry of the system. This corresponds to the spontaneous breaking of the global U(1) symmetry from the holographic dictionary, and thus models the s-wave superconductor phase transition. Thereafter, Refs. [4, 5] constructed holographic p-wave and d-wave superconductors, respectively. Except the numerical approach, that the Sturm-Liouville (SL) eigenvalue approach [6] as well as the matching method [7] are showed to be efficient for the critical behavior of the superconductor phase transition. It should be noted that all above works based on the probe limit, away from which the holographic model was further investigated in Ref. [8] . Considering that there exists a mass gap in the insulator, the authors of Ref. [9] modeled the insulator/superconductor phase transition in the five-dimensional AdS soliton. Moreover, the holographic superconductor models were studied in the system involving the magnetic field [10, 11] . Because the Mermin-Wagner (or Coleman) theorem forbids continuous symmetry to be spontaneously broken in three-dimensional spacetimes at finite temperature, the study of the higher curvature theory to construct holographic superconductors attracted a lot of attention, especially the five-dimensional Gauss-Bonnet gravity with high curvature correction, see, for example, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , where the results showed that the increasing Gauss-Bonnet correction inhibits the phase transition.
On the other hand, similar to the construction of the s-wave superconductor [3, [29] [30] [31] , a holographic p-wave superconductor model was proposed in the four-dimensional Schwarzschild AdS black hole coupled to a Maxwell complex vector (MCV) field in the probe limit [32] . It was showed that, for the lowest Landau level, the applied magnetic field can induce the vector condensate, which is reminiscent of the QCD vacuum phase transition [33] [34] [35] , while for the excited Landau level, the magnetic field effect on the MCV superconductor is similar to the ordinary superconductors [10, 11] . In Ref. [36] , the holographic insulator/superconductor phase transition induced by the magnetic field was studied in the five-dimensional AdS soliton coupled to such a MCV field and the SU(2) Yang-Mills (YM) field, respectively. It was shown that the MCV model is a generalization of the SU(2) model with general mass, charge. Subsequently, Refs. [37, 38] studied respectively the Lifshitz and Gauss-Bonnet effects on the MCV superconductor model induced by the magnetic field, and found that the increasing Gauss-Bonnet parameter always hinders the vector condensate. Considering the backreaction of the MCV field on the AdS gravity spacetime, Refs. [39] [40] [41] [42] [43] further studied the holographic vector condensate and its related complete phase diagrams as well as entanglement entropy, and obtained the rich phase structures, especially the "retrograde condensate". Then, the coexistence and competition of ferromagnetism and MCV superconductivity were studied in Ref. [44] , which showed that the results depend partly on the self-interaction of magnetic moment of the complex vector field. The authors of Ref. [45] investigated the MCV model in the four-dimensional Einstein-Born-Infeld AdS theory away from the probe limit, and obtained the rich and varied phase structure depending on the mass parameter m, the backreaction parameter κ as well as the Born-Infeld parameter γ . In the probe limit, the authors of Ref. [46] numerically and analytically studied the effect of the Weyl corrections on the MCV superconductor in the AdS soliton and black hole, and found that the larger Weyl correction enhances the conductor/superconductor phase transition but has no effects on the insulator/superconductor transition. In Ref. [47] , the effect of dark mater on the MCV model was analytically studied in the probe limit and thus found to be same with the case of the s-wave model. As for this MCV model, in Refs. [48, 49] , we realized the p-wave superfluid in the AdS and Lifshitz black holes, respectively. Thus we respectively studied the effects of the Lifshitz and Gauss-Bonnet parameters on the superconductor phase transition induced by the magnetic field [37, 38] . In particular, we built the conductor/superconductor and insulator/superconductor phase transition triggered by the applied magnetic field in the Gauss-Bonnet AdS black hole and soliton spacetimes, and found that the increasing Gauss-Bonnet parameter always hinders the vector condensate in two backgrounds. However, in the previous work [38] , we mainly payed our attention on the influence of the magnetic field inducing the vector condensate and only considered the effect of the Gauss-Bonnet parameter on the critical behaviors but not calculated the one on the condensate as well as the frequency dependent conductivity. To make up this gap, it is interesting to explore the effects of the higher curvature theory on the vector condensate as well as the conductivity in the conductor/superconductor and insulator/ superconductor models, for example, the Gauss-Bonnet gravity, which is our motivation in this paper.
Based on the above motivation, we will respectively construct the holographic p-wave superconductor phase transition by coupling the MCV field to the Gauss-Bonnet-AdS black hole and soliton backgrounds at the probe approximation. For both the black hole and soliton backgrounds, it is observed that the increasing Gauss-Bonnet correction makes the phase transition become more difficult. Moreover, near the critical value, the vector condensates have a square root behavior as expected from the mean field theory. In addition, the ratio of the energy gap and the critical value in the conductor/superconductor much larger than the BCS value indicates that the holographic model indeed includes the strong interaction.
The organization of this paper is as follows. In Sec. 2, in the probe limit, we numerically study the holographic p-wave conductor/superconductor phase transition in the five-dimensional Gauss-Bonnet-AdS black hole background coupled to the MCV field, and thus calculate the conductivity as a function of the frequency. Similar to the process in Sec. 2, the insulator/superconductor phase transition is studied in Gauss-Bonnet-AdS soliton background in Sec. 3. The final section is devoted to conclusions and discussions.
Conductor/superconductor phase transition
In this section, we study the vector condensate in the Gauss-Bonnet-AdS black hole coupled to the MCV field, which is followed by the frequency depended conductivity.
The five-dimensional Ricci flat Gauss-Bonnet-AdS black hole is of the form [12] 
where M and L denote the mass of the black hole and the AdS radius, respectively, while the constant α represents the Gauss-Bonnet coupling with the upper bound, i.e., the so-called ChernSimons limit α = L 2 /4. Considering further the constraints of the causality via the holographic correspondence [50] , the Gauss-Bonnet parameter has the range −7L 2 /36 ≤ α ≤ 9L 2 /100, which we will take in the present paper. Meanwhile, the Hawking temperature of the black hole reads T = r + πL 2 , where r + = 4 √ ML 2 represents the location of the horizon, which satisfies f (r + ) = 0. Near the asymptotical infinity, the metric function is given by
Thus, we can define an effective AdS radius L eff as [14]
Following Ref. [32] , we consider the matter action including a Maxwell field and a complex vector field
where 
Comparing with the Gauss-Bonnet-AdS gravity, we regard the matter sector (4) as a probe realized by taking q → ∞ with qρ μ and qAμ fixed. At this approximation, Eqs. (5) and (6) decouple from the equations of gravitational sector.
To construct the p-wave superconductor induced by the gauge field, we take the ansatz for the vector field ρ μ and the gauge field A μ as the following form
with other components vanishing. Choosing ρ x (r) and φ(r) as real functions and substituting the above ansatz (7) into Eq. (5), we can read off the equations for ρ x and φ
where the prime denotes the derivative with respect to r. Comparing Eqs. (8) and (9) with Eqs. (7) in Ref. [15] , it is observed that the equations are similar to each other except the additional factor "2" of φ in Eq. (9), from which we can expect that the features of the MCV model resemble the ones of the SU(2) Yang-Mills model. To solve the above equations, we should impose the boundary conditions. At the horizon, the vector field ρ μ is required to be regular, while the gauge field A μ should satisfy the condition φ(r + ) = 0 to ensure the finite form of g μν A μ A ν . Near the infinite boundary, the general expansions of the matter field and the gauge field are given by
where
According to the gauge/gravity duality, the coefficients of the leading term ψ − and the subleading term ψ + are interpreted as the source and the vacuum-expectation value of the boundary operator J x , while μ and ρ are regarded as the chemical potential and the charge density in the dual field theory, respectively. To guarantee the U(1) gauge symmetry of the system breaking spontaneously, we require that the source of the condensate vanishes, i.e., ψ − = 0.
There is an important symmetry in the above system with the form
with the positive constant λ. By using Eq. (12) we can fix the charge density ρ of the system and thus work in the canonical ensemble. Next, we solve the above nonlinear ordinary differential equations by the familiar shooting method. In this work we focus on the effects of the high curvature corrections (i.e., the parameter α) on the critical temperature and the vector condensate as well as the conductivity, so we will fix the dimension of the boundary operator + , which is regarded as the "mass" in the dual field. As a special case, we take + = = 3/2, 5/2 in the following calculations, respectively. We plot the condensate as a function of the temperature for + = 3/2 and + = 5/2 in Fig. 1 , and also list the critical temperature as well as the condensate by fitting the numerical curves in Table 1 , from which we get the following results. Firstly, for all cases, there is a critical temperature, below which the vector field begins to condense. Moreover, the critical temperature decreases with the increasing Gauss-Bonnet parameter, which indicates that the increasing high curvature correction hinders the conductor/superconductor phase transition. To compare the results with the ones in Ref. [38] , we additionally calculate the critical temperature for different values of α with = 3/2. The concrete results are T c = 0.2350ρ 1/3 (α = −19/100), T c = 0.2275ρ 1/3 (α = −5/100) and T c = 0.2172ρ 1/3 (α = 9/100), which agrees with the results in Figs. (3) and (4) in Ref. [38] . Secondly, near the critical point, the square root dependence Table 1 The critical temperature and condensate as a function of the Gauss-Bonnet parameter α, where the vacuum-expectation value J x is calculated near the critical temperature T c . of the vector condensate on the temperature indicates that the critical exponent 1/2 is universal for all cases, and thus suggests that the system undergoes a second-order transition as expected from the mean field theory. What is more, the fitting coefficients near the critical temperature increases with the parameter α, which is consistent with the fact that the larger α makes the phase transition more difficult. Thirdly, when the temperature decreases gradually, the condensate for all cases tends to be a stable constant increasing with α, which agrees with the above result (i.e., the larger α hinders the transition). The effect of α on the condensate is similar to the one on the condensate of the SU(2) p-wave [15] as well as the s-wave [19] condensates. Meanwhile, the stable constant of the condensate is larger than the weak coupling BCS theory value 3.5, which indicates that the present p-wave model indeed describes a strongly coupled field theory. Lastly, comparing the critical value in the different case of the dimension ( ) of the operator with each other for the fixed parameter α in Table 1 , the critical value always decreases when increases from 3/2 to 5/2, which is reasonable, if we consider the dimension as the "mass" in the dual field theory.
As we all know, the infinite DC conductivity is the typical signal to distinguish the state is either in superconducting sate or not. Meanwhile, we can read off the energy gap from the frequency dependent conductivity and thus explore the strength of the interaction in the system, so it is helpful for us to study the conductivity. To obtain the conductivity, which is related to the retarded Green function, σ (ω) = G R (ω, k = 0)/iω, we can calculate the perturbation of the gauge field based on the superconducting state in the gravitation spacetime from the holographic dual dictionary [2, 3, 30] . It should be noted that below the critical temperature, the condensate of the vector operator J x breaks the U(1) gauge symmetry as well as the rotational symmetry, therefore, it is natural that the conductivity along the condensing direction is different from that perpendicular to the condensing direction. From the calculation for the conductivity along the condensing direction in Ref. [4] , one can imagine the perturbation of the complex vector field ρ μ along the x direction is rather complicated. For simplicity, following Refs. [32, 42, 45] , we focus on our calculations perpendicular to the superconducting direction with the ansatz A μ = A y (r)e −iωt . Substituting the ansatz into Eq. (6), the linearized equation of the perturbation A y is of the form
which is the same as Eq. (20) in Ref. [15] and also similar to the corresponding equations in Refs. [3, 4] . At the horizon, the retarded Green function G R corresponds to the ingoing wave condition, therefore, A y (r) can be expressed as At the boundary r → ∞, the general falloff of A x (r) reads
According to the gauge/gravity duality, the Green function G R can be calculated from the gauge field perturbation, which has the form
There is a logarithmic divergence term in the Green function as well as the conductivity, which has been canceled by the holographic renormalization. The final conductivity can be expressed as
which is same with Eq. (20) in Ref. [15] . The conductivity as a function of the frequency for different value of the parameter α in the case of = 3/2 is plotted in Fig. 2 , from which we can obtain the following results. Firstly, at the zero frequency, there exists a pole in the imaginary part of the conductivity, which is the signal of the infinite DC conductivity in the superconducting state from the Kramers-Kronig (KK) relation. Secondly, as we know, in Ref. [29] , the second even more pole appears in the case of m 2 = m 2 BF when the temperature is obviously lower than the critical value. Here we find that there is still a second pole when m 2 > m 2 BF when T /T c ≈ 0.3, which corresponds to a spike in the real part of the conductivity. This spike also appears in Refs. [16, 30, 51] . From the gravity standpoint [15, 29] , the spikes are contributed to the fact that the quasinormal mode becomes an actual model in the present case. Thirdly, if we define the ratio of the energy gap and the critical temperature (ω g /T c ) as the minimum of the imaginary part of the conductivity when m 2 > m 2 BF [29] , the location of the second pole in the conductivity stands for ω g /T c . From Fig. 2(b) , for the fixed temperature, the ratio ω g /T c is always much larger than 3.5, which indicates that the holographic superconductor models the strong interaction. Meanwhile, the energy gap increases with the Gauss-Bonnet parameter α, which implies the larger α hinders the superconductor phase transition. Fourthly, when the frequency tends to be infinity, both the real and imaginal parts of the conductivity diverge, which might be the general property in the five-dimensional AdS black holes, except for the Lifshitz gravity with the dynamical critical exponent z > 1 [52] . In addition, we also study the effects of the dimension of the vector operator on the frequency dependent conductivity. In particular, we calculate the conductivity for different value of α when = 5/2 and T /T c ≈ 0.3. It is observed that there is always a pole corresponding to superconductor at zero frequency, and exists a divergence when ω tends to be infinity. The difference of = 5/2 from the case of = 3/2 is that the second pole disappears in the finite frequency as well as that the minimizing imaginary part appears. Moreover, the energy gap increasing with the parameter α implies that the larger α hinders the phase transition, which agrees with previous results. All the results with = 5/2 are similar to the ones in Ref. [29] , especially, in Ref. [15] .
Insulator/superconductor phase transition
Following the numerical method used above, in this section, we construct the insulator/superconductor phase transition and thus study how the Gauss-Bonnet parameter α influences the vector condensate and the conductivity. First of all, the five-dimensional Gauss-Bonnet AdS soliton reads off
which is obtained from the double Wick rotation to the Gauss-Bonnet AdS black hole (1), i.e., t → iχ and z → it. To distinguish the soliton from the Gauss-Bonnet AdS black hole in Sec. 2, we denote r 0 as the tip, which satisfies the condition f (r 0 ) = 0. To avoid a potential conical singularity at the tip, we impose the periodicity on the spatial direction χ with χ ∼ χ + π/r 0 , i.e., = π/r 0 . As for the present soliton, there is no event horizon, thus no temperature. Moreover, because of the existence of the tip, there exists an IR cutoff for the dual field theory, which indicates a confined phase and thus similar to the mass gap in the insulator phase [9] . Therefore, it is believed that the present soliton can be used to model insulator/superconductor phase transition [19, 21, 38] . Now, we construct a p-wave insulator/superconductor phase transition. For the matter field, we take the form the same as the one of the conductor/superconductor phase transition, i.e., the action (4). Naturally, the form of the components for the gauge field and the matter field is taken as Eq. (7). By varying the action (4) with respect to ψ(r) and φ(r), we can obtain the equations of motion
which are same with Eqs. (4.3) and (4.4) in Ref. [21] except the factor "2" in front of φ in Eq. (20) and thus expected to have the similar features about the condensate as well as the conductivity to the ones of SU(2) Yang-Mills p-wave superconductor. Table 2 The critical chemical potential, condensate as well as the charge density for different values of α with = 3/2 and = 5/2, where the condensate and charge density are both calculated near the critical point. To numerically solve these equations, we should impose the boundary conditions at both the tip and the infinite boundary. In terms of the condition at the tip, the Neumann-like boundary condition is required to ensure ψ(r 0 ) and φ(r 0 ) to be regular, while near the infinity, the general falloffs of ψ(r) and φ(r) are of the form (10) and (11), respectively. Moreover, the interpretations of the coefficients ψ − , ψ + , μ and ρ are the same as that in the black hole from the gauge/gravity dual dictionary. By means of the symmetry of the system, r → λr, ψ → λψ, φ → φ, → λ −1 , hereafter we will take r 0 = 1 and fix the periodicity as = π by rescale the vector field ψ and the gauge field φ. By calculations, we show the condensate and the charge density as a function of the chemical potential with = 3/2 in Fig. 3 , from which we find that for all cases, there exists a critical chemical potential, beyond which both the vector condensate and the charge density arise. To see clearly the effect of α on the critical chemical potential and the condensate, we further list the related results in Table 2 . It is observed that the critical chemical potential μ c increases with the improving α, which means that the larger curvature correction makes the insulator/superconductor phase transition more difficult. The effect of α on the critical chemical potential is consistent with the results of Fig. 7 in Ref. [38] and similar to the one in the SU(2) p-wave model in Ref. [21] . Moreover, by fitting the curves of the condensate and the charge density, we find that they respectively behave as J x ∼ C J √ μ − μ c and ρ ∼ C ρ (μ − μ c ), which indicate that the critical exponent of the condensate as well as the charge density is respectively 1/2 and 1, thus that the system suffers from a second-order phase transition at the critical chemical potential. To study the general behaviors, we also calculate the critical chemical potential and the condensate in the case of = 5/2. Due to the similarity to the case of = 3/2, we do not show the curves for the condensate and charge density for brevity but list the related results in Table 2 , from which we find the behavior in the case of = 5/2 is indeed similar to the case of = 3/2, while the difference between each other is that the critical chemical potential with = 5/2 is larger than the one with = 3/2, which is reasonable, due to the fact that the dimension of the vector operator = 5/2 corresponds to the larger mass of the vector field.
Then, we calculate the conductivity in the five-dimensional Gauss-Bonnet AdS soliton with the vector condensate. Here, we still take the gauge perturbation perpendicular to the direction of the condensate, i.e., A = A y (r)e −iωt , with other components vanishing, from which one can read the linear equation of the perturbation as
To numerically solve the differential equation, we should impose the boundary conditions. Near the tip r = r 0 , the expansion of A y (r) still includes the logarithmic term. In order to ensure the perturbation to be finite, we require the Neumann like boundary condition to eliminate the logarithmic divergence, which is similar with the condition in terms of the gauge field φ, thus the concrete form of A y (r) reads off
while at the boundary r → ∞, the expansion of A y (r) can be expressed as
Therefore, the conductivity is given by
where the logarithmic divergence term in the general falloff of A y (r) is removed by the holographic renormalization. Fig. 4 shows the imaginary part of the conductivity as a function of the frequency in the case of = 3/2 (a) and = 5/2 (b) with μ/μ c ≈ 10. Obviously, beyond the critical chemical potential, there exists a pole (corresponding to a delta function in the real part) at the zero frequency, which is expected from the standpoint of the superconductor. Moreover, when the parameter α increases, the location of the second pole of the imaginary part increases, which means that the energy of the quasiparticle excitation increases with the improving Gauss-Bonnet gravitational correction. In addition, the conductivity with = 5/2 is similar with the case of = 5/2.
Conclusions and discussions
So far, we have numerically constructed the p-wave superconductors in the Gauss-Bonnet gravity at the level of the probe approximation. Concretely, we mainly studied the effects of the high curvature correction on the conductor/superconductor and insulator/superconductor phase transition, respectively, and further observed the transport phenomenon for the superconductor. The main conclusions can be summarized as follows.
In terms of the p-wave conductor/superconductor phase transition in the five-dimensional Gauss-Bonnet AdS black hole, the critical temperature increases with the parameter α, which indicates that the larger Gauss-Bonnet curvature correction hinders the phase transition. Moreover, the improving dimension of the vector operator also makes the transition more difficult, because the larger corresponds to the larger "mass" in the dual field theory. What is more, at the critical point, the critical exponent of the vector condensate is 1/2, which means that the system suffers from a second-order transition as expected from the mean field theory. When the temperature decreases gradually from the critical value, the vector condensate tends to be a stable value increasing with the Gauss-Bonnet parameter α. In addition, in the background of black hole with the vector 'hair', we observed the delta function at zero frequency, which is the signal of the infinite DC conductivity and agrees with the superconductivity. Besides, we find the ratio of the energy gap and the critical temperature increases with the larger α, which is consistent with the fact the larger α decreases the critical temperature. Meanwhile, for all case of the parameter α, the ratio of the energy gap and the critical temperature is much larger than the BCS value 3.5, which implies that the holographic model indeed includes the strong interaction.
As for the insulator/superconductor phase transition, the critical chemical potential increases with the larger α, which suggests that the larger α inhibits the superconductor phase transition. Moreover, the critical chemical potential with = 5/2 is larger than the one with = 3/2 when the Gauss-Bonnet parameter α is fixed. Furthermore, near the critical point, the critical exponent of the vector condensate and the charge density is 1/2 and 1, respectively, which means that the system undergoes a second-order phase transition. In addition, when the parameter α increases, the location of the second pole of the imaginary part moves toward right, which indicates that the energy of the quasiparticle excitation increases with α.
In a word, the increasing Gauss-Bonnet correction α (the dimension of the vector operator ) always inhibits both the conductor/superconductor and insulator/superconductor transition. Near the critical point, both systems undergo a second-order phase transition. The stable value of the vector condensate increases with the larger α in the Gauss-Bonnet AdS black hole. The ratio of the energy gap and the critical value much larger than the BCS value indicates the holographic models indeed simulate the strong interaction. The features of MCV superconductor model are similar to the ones of the SU(2) p-wave model in both black hole and soliton backgrounds. Therefore, our results shed light on understanding the strong interacting system from the perspective of the gravity/gauge duality to some extent. It should be noted that we have only numerically constructed the superconductor model and not studied the critical value as well as the critical behaviors of the vector condensate, but the analytical results in Ref. [38] can back up our numerical results to some extent. Of course, to systematically study the effects of α on the MCV model, it is helpful to calculate the critical value by the Sturm-Liouville method [6] as well as the Matching method [14] . For simplicity, we did not calculate the transport along the condensing direction, which is certainly different from the feature of A y (r) and will provide more interesting physics for us, therefore, it is useful to systematically calculate the perturbation along the condensate, and further explore the transport phenomenon for the superconductor. Meanwhile, it is worth stressing that we study the MCV model at the probe approximation. We have not observed the rich phase structure appeared in Refs. [18, [39] [40] [41] 45] . To further understand the influence of high curvature correction on the holographic superconductor phase transition, in the near future, we will study the backreaction of this MCV model in the Gauss-Bonnet-AdS gravity and then find the boundaries of the phase diagram in the parameter spacetime.
